Enlarging the Terminal Region of NMPC with
Parameter-Dependent Terminal Control Law
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Abstract. Nominal stability of a quasi-infinite horizon nonlinear model predictive
control (QIH-NMPC) scheme is obtained by an appropriate choice of the termi-
nal region and the terminal penalty term. This paper presents a new method to en-
large the terminal region, and therefore the domain of attraction of the QIH-NMPC
scheme. The proposed method applies a parameter-dependent terminal controller.
The problem of maximizing the terminal region is formulated as a convex optimiza-
tion problem based on linear matrix inequalities. Compared to existing methods us-
ing a linear time-invariant terminal controller, the presented approach may enlarge
the terminal region significantly. This is confirmed via simulations of an example
system.

Keywords: Nonlinear Model predictive control; Terminal invariant sets; Linear dif-
ferential inclusion; Linear matrix inequality.

1 Introduction

Nonlinear model predictive control (NMPC) is a control technique capable of deal-
ing with multivariable constrained control problems. One of the main stability re-
sults for NMPC is the quasi-infinite horizon approach [1| 2]]. A remainding issue
for QIH-NMPC is how to enlarge the terminal region since the size of the terminal
region affects directly the size of the domain of attraction for the nonlinear opti-
mization problem. Many efforts have been made to determine the terminal penalty
term and the associated terminal controller such that the terminal region is enlarged.
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For nonlinear systems, using either a local polytopic linear differential inclusions
(LDI) representation [3]] or a local norm-bounded LDI representation [4], the ter-
minal region is obtained by solving an linear matrix inequality (LMI) optimization
problem. In [3]], a local LDI representation is used as well, and a polytopic terminal
region and an associated terminal penalty are computed. Using support vector ma-
chine learning [6], freedom in the choice of the terminal region and terminal penalty
needed for asymptotic stability is exploited in [6].

Here, we generalize the scheme in [7]. A more general polytopic LDI description
is used to capture the nonlinear dynamics and the condition of twice continuous
differentiability of the nonlinear system is relaxed to continuous differentiability.
The approach results in a parameter-dependent terminal control law. Compared with
the use of time-invariant linear state feedback laws, the proposed approach provides
more freedom in the choice of the terminal region and terminal cost needed for
asymptotic stability. Thus a larger terminal region is obtained.

The remainder of this paper is organized as follows. Section 2 briefly introduces
the QIH-NMPC scheme. The condition to calculate terminal region of QIH-NMPC
based on linear differential inclusions and the optimization algorithm to maximize
the terminal region are proposed in Section 3 and 4. The efficacy of the algorithm is
illustrated by a numerical example in Section 5.

2 Preliminaries

Consider the smooth nonlinear control system

X(t) = f(x(t),u(t)), x(to) =x0, t>to (la)
z(t) = g(x(t),u(?)), (1b)
subject to ) €EZCRP, Vi >, )

where x(¢) € R", u(r) € R™ are the state and input vector, and z(¢) is the output
vector. Denote X and U as the projection of the output vector space Z to the state
vector space and the input vector space, respectively.

Fundamental assumptions of (I)) are as follows:

AQ) The nonlinear fuctions f and g are continuously differentiable, and satisfy
f(0,0) =0 and g(0,0) = 0. The equilibrium is a hyperbolic fixed point.

A1) System () has a unique solution for any initial condition xy € X and any
piecewise right-continuous input function u(-) : [0,7,] — U;

A2) U C R" and X C R" are compact and the point (0,0) is contained in the interior
of X xU.

For the actual state x(¢), the optimization problem in the QIH-NMPC is formulated
as follows [2, 18]
I{l(igl](x(t),ﬁ()) (3)

subject to
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X=f(xa), x(t;x())=x@), (4a)
Z(t)ez, teltt+T,), (4b)
Xt +Tpx(1) € (), (4c)

where J(x(2),a(t,x(t))) =V (Xt +Tp);x(t)) + f,tJrT” F(x(t;x()), (7)) d7, Ty is the
prediction horizon, %(-;x(¢)) denotes the state trajectory starting from the current
state x(r) under the control i(z). The pair (¥,i) denotes the optimal solution to
the open-loop optimal control problem (@). F(-,-) is the stage cost satisfying the
following condition:

A3F (x,u) : R" x U — R is continuous and satisfies £(0,0) = 0 and F(x,u) > 0,
V(x,u) e R" x U\ {0,0}.

In @), the set Q(o) is a neighborhood of the origin and defined as a level set of a

positive definite function V (-) as follows

Q)= {xeR" | V(x) < a}. 5)

Moreover, Qo) and V (x) are said to be the terminal region and the terminal penalty
respectively, if there exists a continuous local controller u = xk(x) such that the fol-
lowing conditions are satisfied:

BOX2(a) C X,
Bly(x,k(x)) € Z, forall x € Q(a),
B2Y (x) satisfies inequality

aVv(x)
ox

Fo k() +Flx,k(x) <0,  Vxe Q(a). 6)

Clearly, Q (o) has the following additional properties [8]:

e The point 0 € R” is contained in the interior of £2( o) due to the positive definite-

ness of Vgx) and o > 0,
e Q(a)is closed and connected due to the continuity of V in x.
e Since (6) holds, () is invariant for the nonlinear system (I)) controlled by local

control u = x(x).
The following stability results can be established:
Lemma 1. /8] Suppose that

(a)assumptions AQ)-A3) are satisfied,

(b)for the system (), there exist a locally asymptotically stabilizing controller u =
K(x), a continuously differentiable, positive definite function V(x) that satisfies
(6) for Vx € Q(a) and a terminal region Q2 (o) defined by (),

(c)the open-loop optimal control problem described by (3)) is feasible at time t = 0.

Then, the closed-loop system is nominally asymptotically stable with the region of
attraction D being the set of all states for which the open-loop optimal control prob-
lem has a feasible solution.



72 S. Yuetal.

3 Enlarging the Terminal Region of Quasi-infinite Horizon
NMPC

In this section we derive a sufficient condition for the calculation of the terminal
region and a linear parameter-dependent terminal control law based on a polytopic
differential inclusion description of the nonlinear system (IJ). The constraints under

consideration are
_2k<zk(t)§2k7 k:1727"'7pa l2f07 (7)

where z;(+) is the kth element of the outputs, and 2 is positive scalar.

We choose the stage cost F(x,u) = x' Qx + u’ Ru with 0 < Q € R™" and
0 < R €™*™_ Suppose that the Jacobian linearization of the system (I at the ori-
gin is stabilizable. Then a quadratic Lyapunov function and a local region round
the equilibrium defined by the level set of the Lyapunov function exist [9] which
serve as terminal penalty and terminal region, respectively. Therefore, we choose
the terminal region Q (o, P) := {x € R"|x” Px < o} which represents an ellipsoid.

3.1 Polytopic Linear Differential Inclusions

Suppose that for each x,u and 7 there is a matrix G(x,u,t) € IT such that

[f <x’”)] = G(x,u,t) m (8)

g(x,u)

where IT C R"P)X("+P) If we can prove that every trajectory of the LDI defined
by IT has some property, then we have proved that every trajectory of the nonlinear

system (I)) has this property. Conditions that guarantee the existence of such a G are
af of

f(0,0) =0, g(0,0) =0, and l§ ?1 € II for all x, u,t [10].
X u
The set IT is called a polytopic linear differential inclusion (PLDI) if IT is de-

scribed by a list of its vertices [10]
. Al By Ar By AN By
SRR 4] ®

where Ef g’} ,i=1,2,... N are vertex matrices of the set I'l, and N is the number
l l

of vertex matrices. Then the nonlinear system (I)) can be represented in the form of
a linear parameter-varying dynamic system [11]

N
x(1t) = Bi(A)(Aix(r) + Bu(r)), (10a)
i=1

Z(l) = iﬁi(l)(cix(t)—i—Diu(t)) (10b)
i=1
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where A € R™ is the time-variant parameter vector, and ;(A) are non-negative
scalar continuous weighting functions satisfying 8;(1) > 0 and ¥V, Bi(A) = 1. In
the following we denote B(A) = [Bi(A) B2(A) ... ﬁN(k)]T . Suppose that K; €
R™*" is a time-invariant feedback gain of the ith vertex system, the control law
for the whole PLDI system can be inferred as a weighted average of controllers
designed for all vertices, i.e.,

N
A) =Y Bi(MK;. (11)
Jj=1
Substituting (1)) into (10), we obtain the closed-loop system
x(t) = A (B(A))x(1), (12a)
2(1) = Ca (B(2))x(r), (12b)
with Aq(B(1)) = %, 3 BUB(L)(Ac+ BiE)). CalB2) = 3, % BAIBA)

(Ci-i-Din).

3.2 Terminal Region of NMPC Based on PLDI

Based on the PLDI of nonlinear system (), the inequality condition (@) can be for-
mulated as a linear matrix inequality (LMI) problem. This is attractive since com-
putationally efficient methods to solve such problems are available [10, [11].

Theorem 1. For system (I2), suppose that there exist a matrix X > 0 and matrices
Y; such that

N AiX +BiY;+ (AiX +Bin)T X Vel
Z X 0" 0 | <0, (13)

] Mz

Then, with k(1) = 27:1 Bi(A)K; as in (1) and V (x) := xT Px, where P =X~ and
K;j =Y;X", the inequality (6) is satisfied.

Proof: By substituting P =X ! and ¥; = K;X in and performing a congruence
transformation with the matrix {X !, 7,1}, we obtain

AgM)TP+PAL(A) X k(AT
X -0' 0 |<o,
k() 0 —R!
It follows from the Schur complement that the inequalities are equivalent to

Ac(A(0)" P+ PAL(A(1)) + Q+ k(A (1)) RK(A (1)) <. (14)

We choose V(&) = ETPE as a Lyapunov function candidate. The time derivative of
V(x) along the trajectory of (I2) is given as follows:
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av(x(t)) _
) (0 Po) + 2007 Pt
<07 { X Xm0 ((4i+ BK;)TP+ P(Ai+ BiK;) ) }x(1)
i=1j=1
= x(0)7 {Aa ()T P+ PAG(2) bx() (1)

Using (14), we have Ejl( D < —x(t)TQx(t) — x(t)T k(A)TRi(A)x(¢). Thus the in-

equality (6) holds, and k(1) is the associated terminal control law. ]

Now we derive conditions such that the constraints (7)) are satisfied by the controller
k(M) forany x € Q(P, ).

Theorem 2. If X and Y;,j = 1,2,...,N satisfy (I3) and furthermore the following

matrix inequalities

N N A
>3 B |k K CX LY S 041

*

hold, where ey, is kth element of the basis vector in the constraint vector space, then
for any x(t) € Q(P, &), the parameter-dependent feedback law (1) controls the
system ([2)) satisfying the the constraint (7).

Proof: Using (12D, satisfaction of the constraints (@) requires
()T (Car(B(A)) exey Caa (B(R))x(r) < 2, (17)
due to x(¢) € Q(P, &), which holds if

<0 (CalB) xefCal D) ) Pt) i)
L

For any x(¢) # 0 (note that x(r) = 0 leads to z(¢) = 0 and satisfaction of (@), in-
equality (I8) holds if

P (Ca(BA) exei Ca(B(1))
o z,%

>0. (19)

Applying the Schur Complement, the matrix inequality (19) is equivalent to

N P *
i=1j=1 i

Performing a congruence transformation with diag(/,X) on both sides of 20), we
obtain the required inequality (16). O
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Following the above discussions, we now state the main results of this paper:

Theorem 3. Suppose that the PLDI model of the nonlinear system (1) is given
by (I2). If there exist a positive definite matrix X € R™", matrices Y; € R™", j=
1,2,--+ N, and a scalar a > 0, independent of the unknown parameter vector (1)
such that (I3) and (I6), then the ellipsoid Q(a,P) with P =X~ and V (x) = x Px
serve as a terminal region and a terminal penalty for NMPC, respectively. The as-
sociated terminal controller is k(1) = 1ﬁj( )Kjx(t) with K; = Y;X !

Proof: The inequalities (13)) and (I6) guarantee that the nonlinear system (I) satisfy
inequality (6) and constraints (), respectively, i.e. B1) and B2).

The positive definite matrix X € R"*", the matrices Y i € R™" " and the scalar
o > 0 are independent of the unknown parameter vector 3(4). Thus Q(c, P) is the
terminal region and V(x) is the terminal penalty of the nonlinear system, respec-
tively. g

4 Optimization of the Terminal Region

In order to reduce the functional inequalities (I3)) and (I6) to finitely many LMIs,
we utilize the following lemma:

Lemma 2. [12] If there exist matrices I;; = I}, Iij = ]l (i #j, i, j=1,2,---,r)
such that the matrix A;j(1 <i,j <r)

Ai <Ii, i=12,---,r (21a)
Au+AﬁSFu+F,,» j<i (21b)
[Lj]rxr <0, (21c)
then the parameter matrix inequalities
3 Z 8(1)8;(-)Ai; <0, (22)
i=1j=

r I I,
are feasible, where §;(-) > 0, ¥, &(:) = 1,V¢, and [Ijj],nr = | ¢ .. ¢
i=1

Gi-- Ty
Let Q(a,P) denote the ellipsoid centered at the origin defined by P and o. The
volume of £ is proportional to det(cX), X = P~! [10]. The geometric mean of the
eigenvalues [13]], leading to minimization of det(a:X) %, where n is dimension of X,
can be used for solving the determinant maximization problem. Define

Xo = oX, on = OCYj. (23)

The inequality constraints ([B]) ([E]) can be rewritten as

Z Z Bi(A)B;(1)Z; <0, (24)

i=1j=
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N N
zz&(k)ﬁj(l)ﬁi,jzo, k=1,2,...,m, (25)
i=1j=1
E X Yh 2 o (CiXo + DiY o)
where 4= + —aQ™! 0 |, Fi;= | KT TEON 2 = XAl +
-1 ' * Xo
* * —QaR
Y]{)B,-T +AXo+BiYjo.
It follows from Lemmal[2lthat if there exist matrices T;; (i, j = 1,--- ,N) such that
Zi < T, i=12,---,N, (26a)
Lij+ L < T+ T, j<i, (26b)
[Zijlnxn <0, (26¢)

then the inequality (6) is satisfied. Furthermore, if there exist matrices M;; (i, j =
1,2,---,N) such that

fg‘iiZA%iia i:1,2,"',N, (273)
Fij+ Fji > M+ M5, j<i, (27b)
[Aijlnxn >0, (27¢)

then the output constraints (7)) are satisfied.
Hence, the maximization problem of the ellipsoid €2 can be reformulated as

max (detXo), s.t. o >0, Xo > 0, (26) and (7). (28)

o, Xo, Yjo

Solving the convex optimization problem (28), the optimal solutions Xy, Yjo, (j =
1,---,N) and a are determined. The matrices X and Y; can be found from (23).
Then the optimal terminal penalty matrix P, the terminal region €2, and the terminal
feedback law can be determined by Theorem[3l Sometimes solving the optimization
problem (28) gives a very large terminal penalty such that the effect of the integral
term in the performance index (3) almost disappears. A very strong penalty on the
terminal states may have a negative influence on achieving the desired performance
which is specified by the finite horizon cost [2]. The trade off between a large ter-
minal region and good control performance can be made by limiting the norm of
the matrix P [3]. Since P = X' = a(Xp) ™!, it can be achieved by imposing the
requirement that o has to be less than or equal to a given constant.

5 A Numerical Example

In this section, the proposed method is applied to a continuous stirred tank reac-
tor(CSTR) [14]. Assuming constant liquid volume, the CSTR for an exothermic,
irreversible reaction, A—B, is described by the following dynamic model based on
a component balance for reactant A and an energy balance:
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e ) — _E

CA = V(CAf CA) koexp( RT )CA,

. q AH E A

T==(Tr—T)— —k ——)C, .—T).
(1= 1) = S koexp(= gr)Cat o (1= 1)

here C4 is the concentration of the reactor, T is the reactor temperature, and 7 is
the temperature of the coolant steam. The parameters are ¢ = 100 1/min, V = 1001,
Cay =1 mol/l, Ty =350 K, p = 10° g/, C,, = 0.239 J/(g K), ko = 7.2 x 10'0 min ',
E/R=8750 K, AH = —5 x 10* J/mol, UA = 5 x 10* J/(min K). Under these con-
ditions the steady state is C;’ = 0.5 mol/l, T."? = 300 K, and 7%/ = 350 K, which
is an unstable equilibrium. The temperature of the coolant steam is constrained to
250K < T <350 K. The concentration of the reactor has to satisfy 0 < C4 < 1 mol/l,
and the temperature of the reactor is constrained to 300 K < 7 <400 K. The objec-
tive is to regulate the concentration C4 and the reactor steam temperature 7" around
the steady state via NMPC by using the temperature of the coolant as an input, while
the constraints have to be hold. The dynamics of the CSTR can be expressed by the
parameter-dependent weighted linear model of the nonlinear system (IQ) with A| =

~23.7583 0 ~1.0155 0 r
4761.2 739/239}’ 42 = [ 30433 —739/239[° B1 = B2 = [0500/239]".

The weighting matrices of the stage cost are Q = [% ﬁ] and R = ﬁ, respec-
tively.

The volume of the terminal region of the proposed method is compared to pre-
vious results which were based on a Lipschitz approach [2]]. In order to preserve
a dominating effect of the integral part in the cost function, we impose the con-
straint @ < 5 on the optimization problem (28). The terminal region given by [2]
is represented by the dashed ellipsoid, and the terminal region yielded by the PLDI
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Fig. 1 Comparison of the terminal region
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approach with parameter-dependent terminal control law is shown by the solid el-
15.2100 0.0395]

lipsoid in Figure[Il The associated terminal penalty is P = { 0.0395 0.0005

6 Conclusions

In this paper we propose a method to expand the terminal region which replaces the
time invariant linear state feedback control law by a parameter-dependent terminal
control law. The new algorithm provides an extra degree of freedom to enlarge the
terminal set. The problem of maximizing the terminal region is formulated as an
LMI based optimization problem. It is shown that, compared to the algorithms with
static linear terminal control law, a parameter-dependent terminal control results in
a larger terminal region, which is confirmed by a numerical example.
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